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1 .   Introduction 

The  analysis  of  differential  tax  incidence  is  concerned  with 
the  impact  on  the  variables  of  a  specified  economic  system  of  a 
change  in  the  tax  structure  that  permits  the  government  to  maintain 
its  same  real  demand.   Since  real  government  demand  is  assumed 
fixed,  any  change  in  the  equilibrium  of  the  system  can  be  attributed 
to  the  change  in  the  tax  structure  alone.   Thus  the  analysis  of  dif- 
ferential incidence  abstracts  from  any  government  expenditure  effects.1 

Within  this  context,  the  analysis  of  Harberger  (1962)  and 
Mieszkowski  (1967),  carried  out  within  the  standard  two-sector,  two- 
factor  model  (with  fixed  endowments  of  both  factors),  has  become  the 
standard  static  general  equilibrium  analysis  of  differential  incidence.2 
Harberger  and  Mieszkowski  (hereafter  referred  to  as  HM)  examine  the 
impact  on  relative  factor  prices  of  commodity  taxes  and  sectoral 
factor  taxes  under  the  following  simplifying  assumptions: 3 

For  a  discussion  of  other  variants  of  incidence  analysis  see,  for 
example,  Musgrave  (1953,  1959)  and  Mieszkowski  (1969).   For  a 
discussion  of  the  importance  of  maintaining  full  employment  see 
McLure  (1970)  and  Friedlaender  and  Due  (1973). 

2For  an  interesting  analysis  of  dynamic  incidence  see  Feldstein 
(1972). 

^Strictly  speaking,  incidence  analysis  is  ultimately  concerned  with 
the  impact  upon  welfare  of  a  change  in  the  tax  structure.   Since, 
however,  commodity  prices,  output,  consumption,  and  thus  welfare 
ultimately  depend  on  relative  factor  prices  in  this  model,  the 
analysis  is  limited  to  the  impact  of  a  change  in  the  tax  structure  on 
relative  factor  prices  alone. 


(i)    Initial  taxes  on  factors  and  commodities  are  zero, 
(ii)   Real  government  demand  is  zero. 

(iii)   The  government  spends  the  proceeds  of  taxation  in  the 
same  manner  as  consumers.4 
Assumption  (iii) ,  in  conjunction  with  assumption  (ii) ,  has  the 
equivalent  interpretation,  more  akin  to  the  concept  of  differential 
incidence  discussed  above,  that  all  revenue  raised  by  commodity  or 
factor  taxes  is  returned  as  a  lump  sum  subsidy  to  consumers.   Assumption 
(i),  however,  has  the  important  implication  that,  as  long  as  the 
analysis  is  carried  out  in  terms  of  marginal  changes  and  first-order 
comparative  statics,5  there  is  no  "deadweight  loss"  associated  with 
distorting  changes  in  the  tax  structure.   Thus  if  the  government  returns 
to  consumers  as  a  lump  sum  payment  any  revenues  raised  by  distorting 
commodity  and  factor  taxes,  the  consumer  is  kept  (locally)  an  the  same 
indifference  curve.   Consequently,  there  is  no  need  to  study  explicitly 
the  revenue  effects  of  taxation  on  the  government  budget  constraint 
nor  the  income  effects  on  consumer  demand-,  all  of  this  can  effectively 
be  dealt  with  by  assuming  a  joint  (government  plus  private)  aggregate 
demand  function  of  which  only  the  substitution  effect  is  relevant  to 
the  analysis. 

4A  single  aggregate  private  demand  function  is  assumed  in  Harberger  (1962) 
and  in  the  first  part  of  Mieszkowski  (1967).   Mieszkowski  then  con- 
siders the  case  where  capitalists  and  workers  have  different  demand 
functions.   In  the  present  paper,  we  shall  not  address  ourselves  to 
the  latter  case. 

5A  more  appropriate  label  to  the  HM  analysis  as  well  as  that  of  the 
present  paper  would  therefore  be  "marginal  differential  incidence." 


Thus  these  simplifying  assumptions  eliminate  many  of  the  inter- 
esting general  equilibrium  implications  of  differential  incidence 
analysis.   In  fact,  the  results  derived  from  the  HM  general  equilibrium 
framework  are  qualitatively  identical  in  content  to  those  of  the 
standard  partial  equilibrium  analysis  of  tax  incidence.   In  the  usual 
partial-equilibrium,  supply-demand  analysis,  the  effect  on  the  producer 
price  (p)  of  imposing  an  ad  valorem  tax  can  be  written  as 


E.  -  Ed 


(1) 


where  T  represents  the  tax  coefficient  (i.e.,  one  plus  the  ad  valorem 
tax  rate),  E4  and  EB  respectively  represent  the  price  elasticity  of 
demand  and  supply,  and  the  notation  x  denotes  dx/x.6   In  the  HM  frame- 
work, the  effect  on  the  producer  commodity  price  ratio  (pi/ps)  of 
introducing  an  ad  valorem  tax  on  good  1  (when  there  are  no  other  ex- 
isting factor  or  commodity  taxes)  can  be  written  as 

(2) 


Os  +<70 


where  do    and  Os  are  respectively  the  elasticities  of  substitution  in 
demand  and  supply.   Since  Ob  has  been  defined  to  be  positive,  eqs. 
(1)  and  (2)  are  readily  seen  to  be  qualitatively  similar. 


6Dif ferentiation  of  the  supply-demand  equations,  S(p)  =  D(pT) ,  yields 
pEe  =  Ed(p  +  T).  Solving  for  p/T  (the  percentage  change  in  p  corres- 
ponding to  a  one  percent  change  in  the  tax  coefficient  T)  yields  eq.  (1) . 

7Equation  (2)  will  be  derived  below. 

8Jones  (1965,  eqs.  (13)-(14))  derives  an  analogous  formula  for  the  effect 
of  producer  subsidies  on  relative  prices  in  his  two-sector  model  with 
no  explicit  government  demand,  but  an  aggregate  homothetic   utility 
function. 


Similarly,  the  effect  on  relative  producer  prices  (net  of  factor 
taxes)  of  introducing  a  capital  tax  in  sector  1  is  given  in  the  HM 
framework  as9 

TTi  ~  7Tg     -(0K3L Ob  +  S]_) 

TK1    =       0-s  +  Ob  (3> 

where  TTj  represents  the  producer  price  of  commodity  j  net  of  factor 
taxes-,  Tki  represents  one  plus  the  ad  valorem  rate  of  the  capital  tax 
in  sector  1 ;  sx  represents  the  (substitution)  elasticity  of  the  output 
ratio  X]_/X2  with  respect  to  the  factor  cost  ratio  in  sector  1  ;  and  0sj. 
represents  the  relative  share  of  capital  in  sector  1 .   Again,  equation 
(3)  is  completely  analogous  to  a  partial  equilibrium  adjustment  in  the 
market  price  (ratio)  resulting  from  an  exogenous  shift  in  parameters 
affecting  both  the  supply  and  demand  curves. 

The  above  paragraphs  clearly  indicate  that  the  simplifying  assumptions 
of  the  HM  analysis  are  indeed  costly  in  terms  of  the  general-equlibrium 
quality  of  the  results  obtained.   Relaxing  the  assumptions  (specifically 
assumption  (i))  is  thus  likely  to  permit  an  analysis  which  is  of  a  more 
genuine  general-equilibrium  nature  (even  under  the  assumption  of  an 
aggregate  private-demand  function)  in  that  the  crucial  elements  of 
deadweight  loss  effects,  revenue  effects  on  the  government  budget,  and 


9This  is  equation  (12)  in  Harberger  (1962),  which  is  repeated  as  equation 
(1)  in  Mieszkowski  (1967).   The  precise  translation  of  HM' s  notation 
into  our  notation  and  the  derivation  of  equation  (3)  will  be  given  below. 

l0A  Tm  percent  increase  in  the  factor  tax  coefficient  Tk;i  (at  constant 
factor  rentals)  affects  the  ratios  of  quantitites  supplied,  say  X;l/X2, 
by  SxTki  percent  (a  quantity  that  may  be  positive  or  negative,  depend- 
ing upon  the  relative  factor  intensities  in  both  sectors);  it  increases 
the  consumer  price  ratio  by  0K1  TKi  percent,  and  hence  reduces  the 
ratio  of  quantitites  demanded,  say  Ci/C2,  by  0K1  Ob  TK1  percent. 


income  effects  on  consumer  demand  will  be  brought  to  the  foreground.11 

Briefly  this  paper  takes  the  following  form.   The  next  section 
provides  an  outline  of  the  model  and  gives  an  overview  of  the  nature 
of  the  analysis  of  differential  incidence.   Section  3  then  derives 
the  differentials  of  the  production  and  consumption  relationships,  which 
are  used  to  obtain  the  reduced-form    equations  of  the  government 
budget  constraint  and  the  market  clearing  condition,  whose  derivation 
is  given  in  Section  4.   Section  5  then  discusses  the  nature  of  the  dead- 
weight losss  effects  while  section  6  analyzes  the  nature  of  the  equi- 
librating adjustments  in  response  to  changes  in  the  tax  structure. 
Section  7  then  provides  a  brief  summary  of  the  findings  of  this  paper. 


To  put  things  in  perspective,  it  should  be  pointed  out,  however, 
that  a  two-sector  analysis  will  be  inherently  somewhat  disappointing 
to  the  reader  looking  for  multi-market  interaction  since  Walras' 
law  permits  us  to  concentrate  on  a  single  market  clearing  equation. 


2 .   The  Model,  Notation  and  Overview  of  the  Analysis 

Following  Jones'   (1965,  1971)  treatment  of  the  two-commodity, 
two-factor  model,  the  basic  equilibrium  relationships  consist  of  the 
full  employment  equations, 

aK1Xx  +  aK2X2  =  K  ,  (4a) 

aL1Xx  +  aL2X2  =  L  ,  (4b) 

and  the  competitive  zero-profit  conditions, 

aK1rx  +  aL1wx  =  px    ,  (5a) 

aK2r2  +  aU2w2  =  p2  ,  (5b) 

where  K  and  L  are  the  inelastically  supplied  fixed  endowments  of  capital 
and  labor;  Xj  is  the  output  of  commodity  j;  rj  and  Wj  represent  the  cost 
(inclusive  of  factor  taxes)  of  employing  respectively  one  unit  of  capital 
or  labor  in  sector  j ;  pj  is  the  producer-price  of  commodity  j;  a^  is 
the  amount  of  factor  i  used  per  unit  of  commodity  j.12?13  Because  of 
the  possibility  of  distorting  factor  taxes  ri  (or  wx)  need  not  be  equal 
to  r2  (or  w2) .   Indeed,  if  r  and  w  represent  the  rental  and  wage  rates 
respectively  received  by  capital  and  labor  (in  both  sectors)  then  we  can 
define  the  tax  related   symbols  tij,  T^  and  Tjj  by 


In  the  above  paragrph  as  well  as  in  the  rest  of  the  paper  the  subscript 
j  refers  to  commodities  (sectors)  1  and  2,  while  the  subscript  i  refers 
to  factors  K  and  L.   Unless  clarity  demands  it,  this  range  of  the  sub- 
scripts i  and  j  will  not  be  repeated  every  time. 

13It  should  be  noted  that  aitj  is  a  function  of  the  factor  cost  ratio 
rj/wj,  defined  by  the  unit  isoquants  and  the  cost-minimizing  tangency 
conditions. 


ro  =  r  +  fcKj  =  r(1  +  TKj)  =  rTKj  (6a) 

wj  -  w  +  tl.  j  =  w(1  +  tl  j)  =  wTL  j  (6b) 

Thus  tij  represents  the  specific  tax  and  Tjj  the  ad  valorem  tax  rate 
on  the  use  of  factor  i  in  sector  j.   The  term,  "tax  coefficient",  will 
be  used  for  the  symbol  Tjj  (=  1  +  Tij)- 

On  the  (private-)  demand  side  of  the  model  we  define  Cj  as  the 
quantity  of  good  j  privately  consumed, and  we  postulate  aggregate 
private  demand  functions,14  given  by 

Cj  =  Cj(qi,  q2,  y)  ,  (7) 

where  qj  represents  the  price  facing  consumers   and  y  represents 
aggregate  disposable  money  income.   The  relationship  between  consumer 
prices  (qj)  and  producer  prices  (pj)  is  given  by  the  following  relation- 
ships 

qj  =  pj  +  tj  =  pj(i  +  tj)  =  pjTj  (8) 

where  tj  represents  the  specific  tax  and  Tj  represents  the  ad  valorem 

tax  rate  on  commodity  j.  Again  we  refer  to  Tj  (=  1+Tj)  as  the  tax 
coefficient  on  commodity  j . 

Disposable  income  is  given  by  factor  income  less  lump  sum  taxes 

y  =  M-  H 

=  rK   +  wL  -  H 

where  H  represents  lump  sum  taxes  collected  by  the  government. 

1 4For  simplicity,  we  can  think  of  this  as  a  one  consumer  economy  or 
its  equivalent.   See  Samuelsom  (1956). 


The  demand  equations  (7)  are  assumed  to  satisfy  the  aggregate 
consumer  budget  constraint.   Thus  for  all  q^  and  y 

£  qjCjCqi,  q2,    y)  =  y  (10) 

j 

The  government  is  assumed  to  purchase  fixed  quantities,  Gj,  of  the 
two  final  goods  at  producer  prices   and  to  have  at  its  disposal  seven 
tax  instruments:  the  neutral  lump  sum  tax  (H) ,    two  commodity  tax  co- 
efficients (Tj),  and  four  sectoral  factor  tax  coefficients  (Tij).16 
Taking  note  of  the  tax  relationships  given  in  eqs.  (6)  and  (8),  we 
write  the  government  budget  constraint  as17 

D  tjCj  +  £  tijVij  +  H  =£  PjGj  (11) 

i  i ,  i  j 

where  v±j    denotes  the  amount  of  factor  i  employed  in  sector  j. 
Finally,  we  can  write  the  market  clearing  equations  as 

Cj  +  Gd  =  Xj  (12) 


15Equivalently,  we  could  assume  that  the  government  imposed  commodity 
taxes  on  total  output  Xj  and  purchased  its  demand  at  consumer  prices 

16It  is  a  matter  of  choice  whether  specific  tax  rates,  ad  valorem 

tax  rates,  or  tax  coefficients  serve  as  the  ultimate  policy  instru- 
'  on   r 

ments  since  eqs.  (6)  and  (8)  provide  the  def initial  links  between 
them.   In  the  present  formulation  of  the  model  it  is  generally 
notationally  most  convenient  to  deal  in  tax  coefficients,  although 
this  procedure  necessitates  some  care  in  correctly  interpreting 
our  results.   We  shall  return  to  this  point  when  confusion 
possible. 

When  dealing  with  the  government  budget  constraint  it  is  usually 
simplest  to  use  specific  tax  rates.   Note  that  these  are  related 
to  the  tax  coefficients  and  price  variables:  tj  =  (Tj  -  1 )p j ; 


tK j  =  (Tkj  - 1)rj  and  tu  j  =  (TL j -  1)w. 


Equations  (4) -(12)  specify  the  model  and  permit  us  to  determine 
the  equilibrium  output,  consumption,  factor  allocation,  prices,  and 
factor  returns  in  terms  of  a  given  tax  structure.   To  analyze  marginal 
differential  incidence,  we  can  conceptually  specify  an  exogenous  change 
in  the  tax  structure  and  conceptually  totally  differentiate  the  system 
and  solve  for  the  equilibrating  changes  in  the  relevant  variables. 

Equations  (11)  and  (12),  however,  form  the  basis  of  the  analysis. 
Since  Walras'  law  permits  us  to  eliminate  one  of  the 

market  clearing  equations,  our  first  goal  is  to  derive  the  reduced  form 
of  the  differentials  of  the  government  budget  constraint  and  one  of 
the  market  clearing  equations.18  Thus  we  ultimately  describe  the 
differential  of  the  government  budget  constraint  and  one  of  the  market  clear- 
ing equations  in  terms  of  eight  differential  elements:   the  percentage 
change  in  relative  factor  prices  (r  -  w) ;  real  lump  sum  taxes  (H  -  w) ; 
commodity  tax  coefficients  (Tj);  and  factor  tax  coefficients  (Tij). 
Since  the  differential  of  the  market  clearing  equation  permits  us  to  elimin- 
ate (r -w) ,  we  can  then  write  the  differential  of  the  government  budget  con- 
straint in  terms  of  seven  tax  differentials  alone:   Tj,  Tjj,  and  (H-w).19 

18Actually,  in  the  ensuing  analysis  we  use  a  linear  combination  of  the 
differentials  of  the  two  market  clearing  equations  and  hence  effec- 
tively reduce  them  to  one  equation. 

19The  term  (H-w)  denotes  change  in  real  lump  sum  taxes.   The  use  of 
this  expression  implies  that  only  the  change  in  the  real  lump  sum  tax 
can  be  determined  in  this  analysis,  instead  of  the  money  change.   This, 
of  course,  is  a  natural  outgrowth  from  the  fact  that  the  supply-demand 
analysis  of  this  model  can  only  determine  relative  prices.   We  can  alter- 
natively view  the  rate  of  inflation  in  the  general  price  level  (or  the 
absolute  price  level)  as  being  controlled  by  the  government.   The  fact 
that  H  is  divided  by  w  is  not  intended  to  give  labor  an  asymmetric  treat- 
ment as  a  numeraire.   However,  w  emerges  as  the  most  convenient  index  of 
the  change  in  absolute  prices,  although  any  other  "general  price  index" 
would  have  served  the  same  purpose.   Since  the  ensuing  analysis  indicates 
that  H  and  w  are  tied  together,  we  treat  them  as  one  variable,  the  per- 
centage change  in  real  lump  sum  taxes,  rather  than  as  two  separate  varia- 
bles, the  percentage  change  in  money  lump  sum  taxes  and  the  percentage 
change  in  wages  (as  an  indicator  of  the  absolute  price  level) . 


10 


2_y  m 


,'fj  +  Smi;iTij .  +  mh(H-w)  =  0  (13) 


J         1 ,  J 

The  determination  of  the  coefficients  m  j ;  m^^and  mh  is  one  of 
the  main  objects  of  the  subsequent  analysis.   The  appropriate  ratio 
of  these  coefficients  (with  a  minus  sign)  represents  the  marginal 
rate  at  which  the  government  can  substitute  one  tax  for  another  and 
still  be  assured  that  it  can  exactly  pay  (at  different  prices)  for 
the  same  bundle  of  real  goods  (Gx ,    G2)  after  all  general  equilibrium 
repercussions  have  worked  themselves  out.  °  Equation  (13)  may  there- 
fore be  called  the  general  equation  of  differential  incidence.   From 
eq.  (13)  we  can  readily  see  that  the  government  has  six  degrees  of 
freedom  in  the  marginal  change  in  the  tax  structure.   The  effect  of 
any  of  these  admissible  changes  in  the  tax  structure  upon  the  change 
in  relative  factor  prices  (r  -  w)  can  be  determined  by  substituting 
equation  (13)  into  the  reduced  form  of  the  differential  of  the  market 
clearing  constraint.   Although  the  analysis  of  differential  incidence 
usually  stops  with  determining  the  effect  of  changes  in  the  tax  structure 
upon      (r  -  w) ,  once  we  have  determined  (r  -  w)  we  could  then  deter- 
mine the  change  in  relative  prices  and  hence  in  output  and  consumption. 


2°Strictly  speaking  these  ratios  do  not  represent  "marginal  rates 
of  substitution",  since  the  tax  coefficients  are  expressed  in 
percentage  terms. 


11 


3.   The  Equations  of  Change 

To  determine  the  reduced  form  of  the  market  clearing  equation  and 
government  budget  constraint,  we  must  differentiate  the  basic  production 
and  consumption  relationships  given  above.   These  relationships   and 
their  associated  equations  of  change  have  been  elegantly  synthesized 
by  Jones  (1965,  1971).   In  this  section  we  shall  therefore  provide 
a  brief  summary  of  the  basic  equations  of  change  in  consumption  and 
production,  adapted  to  the  present  analysis.   As  much  as  possible,  we 
shall  adhere  to  Jones'  symbols  and  notation. 

3. 1   The  Production  Relationships 

We  begin  by  differentiating  equations  (4)  and  (5)  and  obtain, 
taking  into  account  that  K  =  L  =  0, 

A«lXl  +  \s^2    =    "(\la«l  +  An2aK2)  >  (14a) 

*ilxi  +  Al2*2  =   '(AlAi  +  XL2aL2)    ,  (14b) 

0*1*1  +  Ou"i  =  Pi   "    OkiSki  +  0li£li)    ,  (15a) 

0K2r2  +  0L2w2  =  p2   -    (0K2aK2  +"'0u2aU-2)    ;  (15b) 

where  Aij  represents  the  fraction  of  the  total  endowment  of  factor  i 

allocated  to  sector  j  (i.e.,  Akj  =  — = —  and  Q^j   represents  the  share 

K 

of  the  costs  of  factor  i  (including  taxes)  in  the  unit  production  costs 

of  commodity  j  (i.e.,  0K  6    =   r  jaK  j/pj')  .21 

The  elasticity  of  factor  substitution  in  sector  j  can  be  written 

as 

21Note  that  due  to  the  full  employment  condition,  An  +  Ai2  =  1,  and 
that  due  to  the  zero  profit  condition,  0k  j  +  $1  j  =  ^  • 
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„.        aK  j     "  ^L  j 

^  =  "  — ~  ,  (16) 


and  the  first  order  conditions  of  cost  minimizations  imply 

9*&i   +  eu3u<!  =0  .  (17) 

Hence   from  equations    (16)    and    (17)    each   ai<3    can  be    solved   for    in 
terms   of    (fj  -Wj): 

aKj   =   -0l  jO-jCrVj  -  Wj)  (18a) 

aLd    =  0KjCTd(fj-  ^)  (18b) 

Substitution  of  equations  (18)  into  equations  (14)  gives 

■AciXi  +  AK2X2  =  BxiCri-Wi)   +  &K2(r2-w2)  (19a) 

Al  i^i  +  AL2X2  =   -Su^-Wi)    -   &L2(r2-w2)  (19b) 

where   6K  j    =  AK(AjCro    and   &L  j    =  AL  j0K  jCTj .      Thus   &K  j    represents   the  rate 
(as   a  percentage   of   the   total    capital    stock  K)    at  which   capital   is 
released  by   sector    j    as   a  result   of   the   increase   in   its  relative   cost, 
and  &l  j   represents   the  rate    (as   a  percentage   of   the   total    labor    endow- 
ment L)    at  which   labor    is   absorbed   in   sector    j    as   a  result   of   the  de- 
cline  in   its  relative   cost. 

Solving  equations    (19)    for   X-j^  and  X2  and   taking   into   account   the 
factor    tax  relationships   given   in   equations    (6),    we   obtain 

Xi    =    (Sn+S12)(f-w)  +S11(TK1  -fL1)  +  S12(fK2  -fL2)  (20a) 

X2   =    (S21+S22)(r-w)  +  S21(?Ki  -  ?l1)+S22(Tk2-  Tl2)  (20b) 

where 
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Sij    =  T~T   C^lsBrj   +  Xk2Suo)  J    =   1,2 


S2<5     =    f-7  (XLl&Kj     +    XKlSitj)  j     -    1,2 

|X| 

II  _  22 

X       -   Xki  -    X(.l    -   Xf2    -    Xk2- 


Thus  Sf j  (f  =  1,2;  j  =  1,2)  represents  the  elasticity  of  supply  of 
good  f  with  respect  to  the  factor  cost  ratio  (rj/wj)  in  sector  j. 
Therefore  Sf  =  (Sf 1  +  Sf2)  represents  the  elasticity  of  good  f  with 
respect  to  changes  in  the  factor  cost  ratio. 

3.2   The  Producer  Price  Relationships 

Equations  (20)  are  the  basic  general  equilibrium  supply  relation- 
ships describing  the  effects  of  changes  in  relative  factor  prices  and 
factor  tax  coefficients  on  output.   We  also  need  the  relationships 
between  the  various  price  changes  and  changes  in  the  tax  coefficients. 
To  obtain  these,  we  differentiate  the  zero  profit  conditions  (5),  and, 
taking  into  account  (17)  and  (6) ,  we  obtain 


'K 


x?  +  0L1w  =  pi    -    (0KiTK1   +  QliTli)  (21a) 


9k 2r  +  0L2W  =  p2    -    (0k2TK2  +  9l2TL2)  (21b) 

It  is  useful  to  define  the  symbols 

Tf  j    =  9*5TKi   +  9LiTU  (22) 

and 

TTj      =0kj?+0loW.  (23) 

22In   computing   the   value   of    the   determinant    of   A  =    [Ai(j],    use    is  made 
of   Aix    +   Ai2    =    1  • 
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Tf j  represents  the  percentage  change  in  the  producers'  price  of 
Xj  due  to  changes  in  factor  tax  coef f icients,  while  ttj  represents 
the  percentage  change  in  the  producers'  price  of  Xj  due  to  changes 
in  factor  prices.   Taking  the  commodity  tax  relationships  (8)  into 
account,  we  can  succinctly  summarize  the  relationships  between  price 
changes  and  changes  in  the  tax  structure  by 

?J  =  Po  +  Tj  =  TTj  +  fft5  +  fa  .  (24) 

Equation  (24)  breaks  down  the  (percentage)  change  in  consumer  prices 
(qj)  into  three  components:  iTj,    the  change  in  factor  rental  cost  (a 
share-weighted  average  of  the  change  in  factor  prices);  Tfj,    the 
change  in  factor  tax  costs  (a  share-weighted  average  of  the  change 
in  factor  tax  coefficients);  and  Tj,  the  change  in  the  commodity  tax 
coefficient. 

For  future  reference,  we  also  note  that  eq.  (23)  implies 

fri  -  7T2  =  |i9|(r-  w)  (25) 

where    |g|    =  0K1  -  0K2   =  9l2  -0li.23 

3. 3  The  Consumer  Demand  Relationships 

Finally,  we  must  express  the  changes  in  consumer  prices  in  terms 
of  changes  in  taxes  and  factor  prices.  Differentiation  of  the  demand 
equation  (7)  yields  the  standard  compensated  demand  relationships 


In  computing  the  determinant  of  0  =  [0ij]  we  make  use  of  the  fact 
that  eKj  +  0Lj  =  1. 
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Ci    =  En(qi  -q2)    +   TfcCy    -  n qi    -  r2q2)  (26a) 

C2   =    -   E22(qi  -  q2)    +  %(y    -  Tiqi    -  T2q2)  (26b) 

where  Eu    is   the   compensated   elasticity  of  Ci   with  respect    to   qi/q2; 
E22    is   the   compensated   elasticity  of  C2  with  respect    to   qs/qi',    "Qj    is 
the    (money)    income   elasticity  of   good   j;    and  Tj    is    the   fraction   of 
disposable   income    spent   on   good   j    (i.e.  Tj    =   qjCj/y) . 

By  differentiating   eq.    (9)    we   obtain   the   change   in   disposable 
income 

y  =  9k ^  +  9lW  +  hH  (27) 

where  cpK    =  rK/y   ,        cpi.    =  wL/y        and     h  =  H/y 

By   substituting   eqs.    (23-24)    and    (27)    into   eqs.    (26)    and   gathering 
terms  we   then   obtain 

Cd    =    (r-  w)[EiS   +  r^cp]   +  EntdV  T2)   +  Tfl  -  f  f2)  ]  (28) 

-  T^cDrjCTj  +  Tfj)  +h(H-w)] 


where  cp  =  cp«    -  Z/  T  j0 


k  j 
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4.   The  Basic  Reduced  Form  Equations 

In  this  section  we  substitute  the  equations  of  change  developed 
in  the  previous  section  into  the  differentials  of  the  market  clearing 
condition  (12)  and  the  government  budget  constraint  (11).   In  doing 
so,  we  develop  a  system  of  two  equations  in  the  eight  differential 
variables:  (f  -  w) ,  two  Tj's,  four  f\j's,  and  (H  -  w)  . 

Differentiation  of  the  market  clearing  equation  (12)  yields 

Xj  =  %Si  (29) 

where  gj    =  Cj/Xd    . 

To  capture  the  supply  and  demand  responses  in  both  markets,  we 
use  a  linear  combination  of  both  market  clearing  equations  instead 
of  one  of  them  alone.   Thus  equation  (29)  permits  us  to  write 

Xi  -  X2   =   glCi  -  g2C2    .  (30) 

Let   us  now  introduce    the    following   symbols: 
Tl    =  giT|i  -  g2T]2 
°D     -  "(SlEii    +   g2E22) 
Si    -   S2 

si   =  Sn    -   S2i 

s2  —  Si2  -  S22  . 
Using  equations  (20)  and  (28),  equation  (30)  can  be  rewritten  as 
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(r-w)[|0|(ff,+Ob)    -    r|cp]+  [(Tx  -  T2)  +  (Tfi  -  Tf2)]aD 

+  ^E   (Tj  +  ff  j)Tj   +  E   (TRJ-  Tl  j)bj+  ^h(H  -w)  =  0  (31) 

j  J 

We  now  turn  to  the  government  budget  constraint  (11),  which 
we  differentiate  totally  to  obtain24 

E  tjdCj  +  E  tijdvu  +  S  Cjdtj  +  S  Vijdtij  +  dH  =  E  GjdPj       (32) 

j  i  ,  J  J  i  ,  0  J 

It  is  useful  to  divide  eq.  (32)  into  two  parts.   The  first  two 
terms  measure  the  change  in  revenue  due  to  the  existing  tax  structure, 
while  the  remaining  terms  measure  the  net  change  in  revenue  arising 
directly  from  the  change  in  the  tax  structure  and  the  associated 
price  effects.   We  can  simplify  eq.  (32)  by  making  use  of  the 
following  three  relationships. 


E  Cjdtj  =  E  Cjdqj  -EXjdpj  +  E  G^dpj  (33) 

■5  o  i  i 

E  Vijdtij  =  E  Xjdpj  -  (Kdr  +  Ldw)  (34) 

1 ,  i  i 

E  tudvu  =EPjdXj  (35) 

Equation  (33)  follows  directly  from  the  market  clearing  equations 

(12)  and  the  tax  defintions  (8).   Equation  (34)  and  (35)  are  important 

implications  of  the  production  side  of  the  model.  5 

24Again,  we  note  that  the  government  budget  constraint  is  currently  expressed 
in  terms  of  specific  taxes,  which  will  shortly  be  translated  into  equi- 
valent tax  coefficients. 

25By  taking  eq.  (17)  into  account,  we  may  rewrite  eqs.  (15)  as, 

a|<1dr1+  aL1dwx  =  dpx        a|<2dr2  +  ai.2dw2  =  dp2 

Multiplying  the  first  of  these  equations  by  Xx  and  the  second  by  X2 
and  adding  gives 

E  vK  jdrj   +E  vL  jdwj    =E  Xjdpj    . 
j  j  j 

(footnote  continued  on  p.  18) 
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Substituting  equations  (32-35)  into  eq.  (32)  and  dividing  by  y  we 
obtain 

SpjXj  +SCjCj  +Srjqj-  y  =  0  (36) 

j         i  5 

where    pd  =  PjXj/y    and    ^  =  tjC^/y.26 

The  last  two  terms  of  this  expression  reflect  the  direct  effects 
of  a  change  in  the  tax  structure  and  its  associated  price  effect. 
Using  eqs.  (23),  (24) }    and  (27),  we  may  rewrite  these  two  terms  as 


T, 


Tjqj  -  y=-q3(r-w)  +  ri(Tf1+T1)  +  r2(T,2+r2)  +  h  (H  -  w) .  (37) 


The  first  two  terms  of  eq.  (36)  reflect  the  revenue  effects  of  a  change  in 

the  tax  structure  due  to  the  existing  tax  structure.   Thus  the  revenue 

effect  of  existing  commodity  taxes  is  given  by  2j  ^jCj  while  the  revenue 

o 

effect   of   existing    factor    taxes    is   given  byZypjXj. 

i 

Using  eqs. (24)    and    (28)    we  may  write 

SCjCj    =  E[|e|(r-w)   +   (f1-f2)+(ffl-ff2)] 
i 

-SCjnjCSrjSj  -y)  (38) 

o        j 
where    E  =  ^En  -  C,zE22 . 

(footnote  continued  from  p.  17) 

By  writing  drj  =  dr+  dtK  j  and  dwj  =  dw+  dtj,  j  and  making  use  of  the  full 
employment  conditions  (4),  we  can  rewrite  this  last  expression  as 

Kdr  +  Ldw  +  Z/  vi jdti j  =Z/Xjdpj;  which  is  eq.  (34) 

The  constant  returns  to  scale  assumption  also  permits  us  to  write 

rK  +  wL  +  E  tijVij  =  pjXj  . 
i,  J 
Total  differentiation  of  the  above  yields 

Kdr  +  Ldw  +  Z/  Vijdtij  +  S  tijdvij  =  Z/  PjdXj  +  Z/  Xjdpj  . 
i }  o  i ,  i  6  i 

Subtracting  eq.  (34)  from  this  last  equation  yields  equation  (35). 

Since  tj  =  Tjpj,  we  may  readily  express  £j  in  terms  of  ad  valorem 
taxes  and  write  ^  =  TjpjCj/y  . 
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The  first  term  of  eq.  (38)  represents  the  change  in  government 
revenue  (as  a  percentage  of  disposable  income)  arising  from  the  sub- 
stitution effects  in  consumption  due  to  a  one  percent  change  in 
the  consumer  price  ratio  qi/q2-   While  this  will  obviously  equal 
zero  if  there  are  no  initial  taxes,  it  will  also  equal  zero,  if  the 

2*7 

initial  tax  structure  is  nondistorting.       The  second  term  of 
eq.  (38)  measures  the  change  in  revenue  due  to  the  income  effect  of 
consumption.   This  term  will  generally  only  equal  zero  if  initial 

2S 

taxes   are   zero. 

Using   eq.    (20)   we   obtain 

Sp3Xj  =  e(r-w)  +e1(fK1-Tu)+e2(TK2-TL2)  (39) 

i 

where  £j  =  P1S1J+P2S2J  and  e  =  ei+£2-   By  expanding  Sf  j  we  can 
see  that  £j  represents  the  change  in  government  revenue  (as  a  per- 
centage of  disposable  income)  due  to  the  substitution  effects  in 
factor  usage  associated  with  a  one  percent  change  in  the  factor 
cost  ratio  in  industry  j.   These  substitution  effects  will  also 

27Using  the  fact  that  TiEn  =  T2E22  we  can  readily  see  that 
E11P1C1 

e  =  -n^r  (Ti-T2)- 

Thus  if  the  initial  taxes  are  nondistorting,  Tx  =  T2  and  E  =  0. 

28As  long  as  both  goods  are  superior  so  that  T)j  >  0,  then 
2^  Cj^j  =  0  if  £j  =  0.   If,  however,  one  Tjj  <  0,  it  is  possible 

for  2j   £jT)j  =  0  even  if  £j  /  0. 
j 
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equal  zero  if  initial  taxes  are  zero  or  nondistorting.2' 

Thus  equations  (38)  and  (39)  indicate  that  the  change  in 
revenues  arising  from  the  initial  tax  structure  is  due  to  an  income 
effect  in  consumption  and  the  substitution  effects  in  consumption 
and  production.   In  the  absence  of  initial  taxes,  all  of  these 
effects  will  be  obviously  zero.   Less   obviously,  if  initial  taxes 
are  nondistorting,  these  substitution  effects  are  also  zero  and 
the  income  effect  alone  affects  revenues. 

Substituting  eqs.  (37)-(39)  into  eq.  (36)  and  collecting  terms, 
we  finally  obtain 

(r-w)[6  +    |0|E-mcp]   +   [(T!-T2)   +   (Tfl    -   Tf2)]E 

+  £  (?K  j    -   fLj)ej   +  m[  h(H- w)   +£Tj(?j+  ff  j)]    =0  (40) 


where  m  =   1    -  £  £j 


n; 


Equation  (40)  thus  represents  the  differential  of  the  government 
budget  constraint  expressed  in  terms  of  (r -w) ,  Tj,  Tij  and  (H  -  w)  . 
The  first  term  represents  the  change  in  relative  factor  prices 
caused  by  the  change  in  the  tax  structure.   The  second  two  terms 

29From  eq.  (20)  we  expand  Sf  j  and  derive 

ei=  piSlx  +p2S2i  =  — T7T  (oi)(P2)[<pi,2(Tti- TL2)  +  cpK2(TK1- TK2)] 

\K\ 

(\  K2\  t2  \ 
— —  )(02)  (f)i)[cpLl  (Til  "  Tt2)+CpKi(TKi-  TK2)] 

Nondistorting  initial  taxes  imply  T«i  =  TK2  =  TL 1  =  T_2.   Hence  if 
initial  taxes  are  zero  or  nondistorting,  £1  =  e2  =  e  =  0. 
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represent  the  changes  in  revenues  arising  from  the  substitution  effects 

in  consumption  and  production  due  to  the  existing  tax  structure.   The 

final  term  represents  the  change  in  revenue  arising  directly  from  a 

change  in  the  tax  structure.   The  factor  m  reflects  the  sum  of  two 

effects.   A  rise  in  factor  and  commodity  tax  coefficients  or  in 

real  lump  sum  taxes  produces  an  immediate  increase  in  revenues. 

But  it  also  reduces  real  income,  which  in  turn  reduces  consumption 

through  the  income  effect.   This  in  turn   has  a  negative  effect  on 

revenue  through  the  existing  tax  structure.   Hence  the  factor  m 

(=1  -  S  Co^j)  represents  the  net  effect  on   revenues  of  a  change  in 
j 

taxes. 


>0'I0/ 

J 
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5 .   Deadweight  Loss  Effects 

The  analysis  of  the  government  budget  constraint  also  throws 
light  on  the  concept  of  (first-order)  deadweight  loss  in  a  general 
equilibrium  system.   Deadweight  loss  arises  whenever  the  collection 
of  revenue  through  distorting  taxes  involves  a  welfare  cost  to  con- 
sumers beyond  the  money  collected;  that  is,  if  the  government  were 
to  return  in  lump  sum  fashion  the  money  collected  through  distorting 
taxes,  the  consumers  would  still  be  worse  off  than  they  were  in  the 
absence  of  the  distorting  taxes. 

In  the  usual  first-order  comparative  static  analysis,  however, 
the  deadweight  loss  associated  with  introducing  new  distorting  taxes, 
analytically  only  shows  up  in  the  presence  of  distoring  initial  taxes. 
Consequently,  whenever  initial  tax  rates  are  assumed  to  be  equal  or 
zero,  an  important  effect  of  distoring  taxation  is  automatically 
assumed  away. 

The  best  way  to  see  this  in  the  context  of  the  present  model 
is  to  solve  the  differential  of  government  budget  equation  (32)  for 
dH  in  the  following  way 


dH  =  -[  E  Cjdqj  -  (Kdr  +  Ldw)  ] 

o 

-uKEntiCs-  E22t2   C2)(qi  -  q2)   +    S  t^dvij]  (41) 

i,  J 

where   u  =   1/m. 

Equation  (41)  indicates  that  we  may  separate  the  change  in  the  lump 
sum  tax  that  will  equilibrate  the  government's  budget  constraint  into 
two  parts.   The  first  part  is  readily  identified  through  the  Slutsky 
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equation  as  the  compensating  money  income  that  will  keep  consumers 

at  their  same  level  of  real  income  in  the  face  of  changing  consumer 

30 
price  and  factor  prices.     The  second  part  reflects  the  influence 

of  initial  distorting  taxes  upon  the  equilibrating  change  in  lump 

sum  taxes. 

As  we  have  discussed  previously,  if  all  initial  commodity  and 
factor  taxes  were  zero  or  nondistorting,  the  second  term  of  equation 
(41)  drops  out  and  the  change  in  lump  sum  taxes  required  to  equi- 
librate the  government  budget  constraint  exactly  equals  the  payments 
required  to  keep  consumers  at  their  same  level  of  welfare.   Hence, 
as  long  as  we  ignore  second  order  effects,  there  is  no  deadweight 
loss  involved  in  raising  revenue  through  distorting  commodity  and 
factor  taxes  and  returning  it  as  a  lump  sum  to  consumers. 

When  initial  taxes  are  distorting,  however,  eq.  (41)  indicates 
that  the  change  in  lump  sum  taxes  that  equilibrates  the  government 
budget  constraint  is  less  than  the  change  in  lump  sum  taxes  required 
to  return  consumers  to  their  initial  level  of  welfare.   Hence  a  dead- 
weight loss  is  involved  in  the  introduction  of  distorting  taxes  in 
the  presence  of  initial  distoring  taxes  that  does  not  occur  in  their 
absence.   This  deadweight  loss  equals  the  second  term  of  eq.  (41), 
which  is  equal  to  the  change  in  government  revenues  arising  from  the 
substitution  effects  in  consumption  production,  corrected  by  the  factor 

u  =  1/m.      As  pointed  out  above,   m   equals  1  -  Z/  Cj^j  •   This  measures 

j 

the  net  effect  upon  revenue  of  a   change  in  taxes. 

30In  consumer  theory,  the  compensating  income  in  the  face  of  changing 

consumer  prices  is  S  Cjdqj .   Part  of  that  compensation  is,  however, 

j 
already  taken  into  account  in  the  context  of  this  model  by  the  change 
in  factor  income  due  to  changes  in  r  and  w. 
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6 .   Differential  Incidence  Effects 

Equations  (31)  and  (40)  respectively  express  the  differentials 
of  the  market  clearing  equations  and  the  government  budget  constraint 
in  terms  of  relative  factor  prices  (r-w),  the  commodity  tax  coefficients 
(Tj),  the  factor  tax  coefficients  (Tij),  and  the  real  lump  sum  tax 
(H-w)  .  -31   Hence  we  have  two  equations  in  eight  variables.   Of  these 
variables,  (r-w)  will  always  be  treated  as  endogenous,  and  the  govern- 
ment will  be  interpreted  as  having  six  degrees  of  freedom  among  the 
seven  tax  instruments. 

6 . 1  The  General  Equation  of  Marginal  Differential  Incidence 
By  eliminating  (f-w)  from  equations  (31)  and  (40) ,  we  can  obtain 
the  following  linear  equation   expressing  the  six  degrees  of  freedom 
among  the  seven  tax  instruments,  which  we  refer  to  as. the  general 
equation  of  marginal  differential  incidence 

2  mjfj  +  S  m^fij  +  mh(H  -  w)  =  0  .  (42) 

The  coefficients  of  this  equation  are  given  as  follows. 

mj,  =  mh(H  -  w)  (42.1) 

mx  =  mr,  +  E  +  g  (c0  +  t[  n)  (42.2) 

m2  =  mr2  -  E  -  -  (aD  -  tJ  T2>  (42.3) 

P 

Q! 
mK1  =  0Kimi  +  £i  +  q   si  (42.4) 

31Specifying  changes  in  the  tax  structure  in  terms  of  percentage  changes 
in  the  tax  coefficients  is  analytically  most  convenient,  given  the  way 
the  model  is  developed.   This  requires  a  certain  amount  of  interpretation 
though.   Note  that  dTj  =  (1+Tj)Tj  and  dT^  =  0+*rij)Tij.   Thus  the 
Tj  (or  Tij)  only  correspond  to  changes  in  the  ad  valorem  rates  if  there 
are  no  initial  taxes. 
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a 


mL1    =   0Limi    "    Gi    "    o    Sl  (42.5) 


mK2    =    0K2m2    +    G2    +    o     S2  (42.6) 

mL2   =   0L2H12    -  e2    -   ft    s2  (42.7) 

p 

where  a   =  nxp    -    (E|e|    +  e) 

P   =    |0|  (as    +  aD)  -  TJqp    • 

Each  of  the  terms  defined  by  eqs.  (42. 1) - (42.7)  represents  the 
impact  (as  a  fraction  of  disposal  income  y)  on  government  revenue  of 
a  one  percent  change  in  the  corresponding  tax  coefficient,  after  all 
the  general  equilibrium  adjustments  have  been  taken  into  account. 
The  economic  content  of  each  coefficient  is  readily  explained. 
Equation  (42.1)  indicates  that  a  one  percent  change  in  real  lump  sum 
taxes  changes  government  revenue  by  mh  percent  of  disposable  income. 
If  both  goods  are  not  inferior  (both  t)j  are  positive)  and  there  is 
initial  taxation,  m  is  less  than  one.   Consequently  the  income- 
effect  repercussions  of  the  initial  tax  structure  permit  the  government 
ultimately  to  retain  less  than  100  percent  of  every  dollar  levied  by 
lump  sum  taxes. 

Equations  (42 . 2) - (42 . 7)  describe  the  general  equilibrium  effect 
of  a  one  percent  change  in  the  six  commodity  or  factor  tax  coefficients. 
Each  of  these  consists  of  three  components.   The  first  term  describes 
the  immediate  impact  on  commodity  tax  collections  caused  by  a  direct 
change  in  the  commodity  tax  rates  or  the  price  changes  due  to  factor 
tax  changes.   Because  this  first  term  represents  a  real  income  loss  to 
the  consumer,  it  has  an  effect  similar  to  that  of  a  change  in  real  lump 
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sum  taxes.   Hence,  these  coefficients  are  all  multiplied  by  the  factor 
m.   The  second  term  describes  the  deadweight  loss  effect  on  govern- 
ment revenue  caused  by  the  substitution  effects  in  consumption  or 
production  caused  by  initial  distorting  taxes.   As  indicated  pre- 
viously, in  the  absence  of  distorting  initial  taxes,  these  terms 
would  all  equal  zero.   The  third  term  represents  the  effect  on 
government  tax  collections  acting  through  the  change  in  the  rental/ 
wage  ratio  (f-w)  necessary  to  satisfy  the  market  clearing  equation 
(31)  .   Note  that  OC   and  f3  are  the  coefficients  of  (f-w)  respectively 
of  the  government  budget  constraint  (40)  and  the  market  clearing 
equation  (31). 

6 .2   Incidence  Effects  with  (H  -  w)  Endogenous 
The  expressions  mj ,  niij,  and  mh  ,  given  in  eqs.  (42  . 1)  -  (42.7), 
give  all  the  information  relevant  to  the  government  in  deciding  to 
change  the  tax  structure  while  keeping  real  government  demand  constant 
and  the  budget  in  equilibrium.   The  ratio  of  any  two  of  the  expressions 
(42 . 1) -(42 .7)  represents  the  marginal  rate  at  which  percentage  changes 
in  any  two  tax  coefficients  can  be  substituted  for  each  other. 
Furthermore,  substitution  of  these  compensating  tax  changes  into  the 
differential  of  the  market  clearing  equation  (31)  determines  the 
effect  on  the  rental-wage  ratio. 

It  has  been  customary  in  the  literature  to  discuss  the  case  where 
one  (or  more)  factor  or  commodity  taxes  are  changed,  while  the  lump 

32Inspection  of  eqs.  (42 . 1) -(42 .7)  indicates  that  if  initial  taxes  are 
zero  or  nondistorting,  the  equal  yield  conditions  imposed  by 
Mieszkowski  (1967)  will  be  correct.   If  initial  taxes  are  distorting, 
however,  the  full  expression  for  each  m_j  and  mij  must  be  considered. 
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sum  tax  is  adjusted  to  keep  the  private  and  government  sectors  in 
equilibrium.   Often,  however,  the  mechanics  of  the  lump  sum  tax  ad- 
justments are  kept  in  the  background  (by  choosing  the  government 
budget  as  the  equation  to  be  eliminated  by  Walras'  law  or  by  setting 
initial  taxes  equal  to  zero) .   With  the  simplifying  assumption  of 
no  initial  distorting  taxes,  such  a  procedure  loses  nothing.   With 
initial  distorting  taxes,  however,  it  is  useful  to  make  the  lump  sum 
tax  adjustment  explicit,  since  it  highlights  the  deadweight  loss  effects 
of  these  taxes.   We  therefore  review  this  case  within  our  general  equi- 
librium framework  and   compare  the  resulting  expression  for  changes 
in  relative  factor  prices  with  earlier  ones. 

We  thus  solve  for  (H  -  w)  in  equation  (42),  substitute  the  resulting 
expression  into  the  market  clearing  equation  (31),  and  solve  for 
(r-w)  to  obtain 

[(T1-T2)  +  (Tfl-Tf2)][naE-  a0  ]  +  2(TK  j  -  TL  d)(nn€j-  b3) 
(?_£)  = i (43) 

|0|(os  +aD)  -  TJii(E|0|  +  e) 

The  denominator  of  eq.  (43)  represents  the  induced  effects  upon  (r-w) 
due  to  a  change  in  the  tax  structure.   The  first  term  represents  the 
substitution  effects  in  production  and  consumption  due  to  a  change  in 
the  tax  structure,  while  the  last  term  measures  the  income   effect 
due  to  the  initial  distorting  tax  structure.   The  numerator  measures 
the  sum  of  the  direct  effects  upon  (r-w)  due  to  a  change  in  the  tax 
structure.   The  term  in  the  first  bracket  of  the  numerator  measures 
the  demand  effects  of  the  direct  change  in  the  commodity  tax  coefficients 
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caused  by  the  increase  in  commodity  and  factor  taxes:  it  consists 
of  substitution  effects  (-oD)  and  income  effects  arising  from  existing 
distorting  taxes  (t|uE)  .-  '  The  second  bracket  measures  the  factor 
substitution  effects  arising  from  increases  in  the  distorting  sectoral 
factor  taxes,  (T« j  -TLj).   Note  that  these  factor  substitution  effects 
have  an  impact  both  through  the  supply  side  (-Sj)  and  the  demand  side 
(■QMej),  which  comes  from  the  deadweight  loss  in  factor  tax  revenue, 
arising  from  initial  factor  taxes. 

By  examining  the  numerator  of  equation  (43)   we  can  obtain  several 
tax  equivalences  immediately.   First,  equal  proportional  change  in  all 
taxes  (Tj  =  Tj.j,  j  =  1,2,  i  =  K,L) ,  equal  proportional  changes  in  com- 
modity  taxes  (T]_  =  T2,  Tij  =0),  and  equal  proportional  changes  in  factor 
taxes  (TK j  =  TL j ,  Tj  =0,  j  =  1,2)  are  all  neutral  and  leave  the  rental- 
wage  ratio  unchanged.   Thus  general  commodity  taxes  are  equivalent  to 
general  factor  taxes  and  both  taxes  are  neutral  in  this  world  of  in- 
elastically  supplied  factors.   Second,  equal  proportional  changes  in 
factor  taxes  imposed  in  sector  j  will  have  the  same  affect  on  the  rental - 

wage  ratio  as  an  equal  proportional  change  in  the  commodity  tax  on  good  j 

/\  s\  *\ 

(TK  j  =  T|_  j  =  Tj).   Thus  general  factor  taxes  imposed  on  sector  j  are 

equivalent  to  a  commodity  tax  imposed  on  sector  j.   Since,  however, 

all  taxes  are  not  being  changed  equally,  factor  taxes  or  commodity 

taxes  in  sector  j  will  not  be  neutral.   Note,  however,  that  the  neutrality 

and  tax  equivalences  implied  in  equation  (43)  depend  upon  the  neutrality 

of  the  endogenous  tax  change,  (H  -  w) . 
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It  is  instructive  to  compare  the  expression  for  the  change  in 
relative  factor  prices  given  in  equation  (43)  with  that  given  by 
Harberger  (1962)  and  Mieszkowski  (1967),  whom  we  refer  to  as  HM. 
HM  consider  a  tax  on  capital  in  sector  1 ,  compensated  by  a  change 
in  the  lump  sum  tax.   In  the  context  of  our  analysis,  their  equation 
reads33 

TkI ("0KlaD  "  Sl) 

(44) 


(f-w)  =  

|e|(as+aD) 

while  equation  (43)  reduces  to 

Tki[-0kiCTd  -  s-l   +  nuCEQKi+ex)] 


(?-w) 


|0|(a8  +  ao)  -  rp(E|e|  +  e) 


(45) 


The  differences  between  eqs.  (44)  and  (45)  arise  primarily  from 
the  existence  of  initial  distorting  taxes.   First,  eq.  (45)  contains 
the  deadweight  terms  in  the  numerator  and  denominator.   As  we  have 
discussed  previously,  in  the  absence  of  initial  distorting  taxes, 
these  terms  would     drop  out.   Second,  the  demand  elasticity  of 

33Remember    that    sx    =   Sn+S2i    and   Si    =   Su+  Si2.    By   expanding   SX1,    S12, 
and   Si   we   obtain 

Li 


\K2^L2 

"Ki 

^     _         IN 

_K2 

^K2^t=2 

CT2 

Giy  ~     N 

^•K2^t2 

Sl  "     H 

_\k2 

7L1 


u 


H\ 


Ox 


hx  +  —  0ki]  ox  +a2 


where  >>.  ki  Xi,  2/ 1  X  |    =   V(Ki/K2  -  Li/L2) .      In   our   notation,    fK  =  0ki,    £\.  =  9ii, 
gK    =  0^2,    Sx    =    -Ox,    and   Sy    =    -a2.      Remembering   that    |0[    =  0ki  -Oks, 
the   equivalence  with  Harberger   and  Mieszkowski    follows    immediately. 
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substitution  crD  has  been  replaced  by  a  weighted  demand  elasticity  of 
substitution  'aD  .   Note  that  0D  =  -(EH+E22)  while  Od  =  -(giExi  +  %2&2s)  • 
Thus  if  real  government  demand  were  zero  Cj  =  X j ,  gj  =  1,  and  aD  =  'a0  . 
Third,  in  the  presence  of  distorting  factor  taxes,  the  supply  elasticity 
as  take  place  along  a  distorted  transformation  curve.   Consequently 
in  the  presence  of  distorting  taxes,  for  any  given  relative  price  ratio, 
the  numerical  value  of  o"s  given  in  eq.  (44)  will  differ  from  that  in 
eq.  (45);  the  former  measures  the  supply  elasticity  along  a  fixed 
transformation  curve,  while  the  latter  measures  the  supply  elasticity 
along  a  shrunken  transformation  curve.   In  the  absence  of  any  initial 
taxes,  eqs .  (44)  and  (45)  are  identical.  In  the  absence  of  initial 
distorting  taxes,  equation  (45)  differs  from  equation  (44)  only  in 
that  the  former  contains  crD  while  the  latter  contains  ctd  . 

Initial  distorting  factor  and  commodity  taxes  create  difficulties 
in  predicting  the  differential  incidence  of  a  given  tax  change,  for 
they  imply  that  we  must  not  only  consider  the  relevant  supply  and 
demand  elasticities  and  factor  intensities,  but  also  the  deadweight 
effects.   In  the  absence  of  distorting  taxes  Harberger  (1962)  has  shown 
that  it  is  possible  to  reach  a  number  of  conclusions  about  the  pre- 
sumptive sign  of  (r-w)  when  the  tax  on  capital  in  sector  1  is  altered. 
Examination  of  eq.  (45)  indicates,  however,  that  in  the  presence  of 
distorting  initial  taxes  such  conclusions  are  not  generally  justified. 
Depending  on  the  nature  of  the  existing  taxation,  the  signs  of  E  and  61 
can  be  positive  or  negative.   Moreover,  as  Jones  (1971)  has  pointed  out, 
in  the  presence  of  distorting  taxes  the  sign  of  |0|  need  not  reflect 
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differential  capital  intensities.34  Thus  the  analysis  of  differential 
incidence  generally  requires  knowledge  of  the  existing  tax  structure. 

6 . 3   Incidence  Effects  with  (ft*  -  w)  =  0 

Since  the  government  typically  does  not  have  lump  sum  taxes  at 
its  disposal,  it  is  interesting  to  analyze  the  incidence  effects  of 
tax  changes  when  the  government  must  adjust  factor  or  commodity  taxes 
to  maintain  equilibrium.   Examination  of  equations  (42)  and  (31)  indi- 

r\  rs.  r\ 

cate  that  equal  endogenous  adjustments  in  commodity  taxes  (Ti  =  T2  =  T0) 

*\  /*     /^ 

or  in  factor  taxes  (T«  j  =  T|_  j  =  Tf  )  affect  the  system  in  an  identical 

fashion  to  adjustments  in  real  lump  sum  taxes.   Assume,  for  example, 
that  the  government  changes  factor  tax  coefficients  while  adjusting  T0 
to  maintain  equilibrium.   It  is  straightforward  to  show  that 

(T«i  -Tf2)(TfciE  -CTD)  +  Z(TK  j  -  TLJ)CTp€j  -  Sj) 
(r-w*)  = i .       (46) 

|e|  (as  +  a0)  +  ^u(E|0|  +  e) 

Similarly,  if  the  government  changes  commodity  tax  coefficients  while 
adjusting  Tf  to  maintain  equilibrium 

(?!  -T2)(TfnE  -oD) 

r-  w  = .  (47) 

|0|  (crs  +  aD)  -Tii(E|9|  +e) 

Thus  if  the  government  adjusts  general  sales  taxes  or  general 
income  taxes  to  maintain  equilibrium,  the  incidence  effects  of  other 


34|0|    =  0K1-0K2-      But   6>Kj    =  rjKj/pjXj    =<Pkj   +  Ckj   where  cpK  j    =  rKj/pjXj 
and   i;KJ    =  tk  jrKj/pjXj.      Therefore    |0|    =    (cpKi  -  9*2)  +  (Cki  "  Ck2>.      The 
term  cpKi_cpK2  reflects    the  relative   capital    intensities    in   the   two 
sectors   and  will   be   positive   if   sector    1    is  more   capital    intensive. 
But    if   capital    in    sector    2    is   taxed  more  heavily    than    that    in    sector    1 
I ,  - 1    niav    he   nrt'.at  i  ve  . 
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taxes  are  identical  to  the  incidence  effects  of  these  same  taxes 
if  the  government  adjusted  real  lump  sum  taxes.   This  conclusion 
should  not  be  surprising,  since  changes  in  real  lump  sum  taxes, 
income  taxes, and  sales  taxes  are  all  neutral  and  leave  relative 
prices  unchanged  in  this  world   of  inelastically  supplied  factors. 

Of  course,  constraining  the  government  to  maintain  equilibrium 
by  adjusting  sales  or  income  taxes  removes  several  degrees  of  freedom. 
Consequently,  let  us  alternatively  consider  the  case  where  the  govern- 
ment  adjusts  T2  to  maintain  equilibrium  in  response  to  exogenous 
changes  in  other  factor  or  commodity  tax  coefficients.   Thus  we  solve 
for  T2  in  eq.  (42)  and  substitute  the  resulting  expression  into  eq. 
(31)  to  obtain 

(Ti+?fl)(%LE  -a0)  +  E(TKj-  ?Lj)[r2(^ej  -  so>-  ^Cej  -  sdE)] 

(r-w)    = J- •    (48) 

|0|  (as  +  a0)(r2  -uE)+fi(E|0|  +  e)(aD  -  r\Xz)  +  cp^M-E  -  crD  ) 

In  this  case,  equal  changes  in  factor  tax  coefficients  (i.e., 
Tk j  =  TL j   and  Tj  =  0)  will  not  be  neutral.   This  is  not  surprising 
since  the  equilibrating  change  in  T2  will  be  different  from  zero. 
Because  T2  r   Ti ,  relative  prices  will  change,  even  though  the  exogenous 
tax  change  was  ostensibly  neutral. 

A  comparison  of  eq.  (48)  with  eq.  (43)  indicates  that  the  primary 
difference  in  the  expression  for  (r-w)  lies  in  the  y2  factors  and  the 
increased  number  of  deadweight  loss  effects  in  eq.  (48).   The  7"2  factor 
represents  the  share  of  disposable  income  spent  on  C2,  and  therefore 
reflects  a  weighting  factor  associated  with  the  endogenous  tax  term. 
The  increased  number  of  deadweight  loss  terms  reflects  the  distorting 
nature  of  the  endogenous  tax  adjustment. 


33 


The  difference  between  the  factor  price  adjustments  when  neutral 
and  non-neutral  taxes  are  used  to  maintain  equilibrium  in  the  govern- 
ment sector  can  be  seen  most  clearly  if  we  consider  a  change  in  the 
tax  coefficient  on  capital  in  sector  1 ,  compensated  respectively 
by  (H  -  w)  and  T2.      In  the  first  case,  we  obtain  eq.  (45).   In  the 
second  case  we  obtain 

Tki[.9ki(t]h.E  -  aD)  +  rs(r\H£i  -  sx)  -  m-C^i^d  -siE)] 

(?-w)  = —  .    (49) 

\6\(as  +  a0)(rz-   ^E)+  u(E|e|+  e)(crD  -  Wz)  +  epCmiE  -  a0  ) 

The  first  two  terms  of  the  numerator  in  eq.  (49)  appear  in  eq.  (45), 
with  the  exception  of  the  Jz    factor  on  the  second  term.   The  third 
term  of  the  numerator  does  not  appear  in  eq.  (45),  however;  it  re- 
flects a  further  deadweight  loss  effect  due  to  the  distorting  nature 
of  the  endogenous  tax  adjustment.   Similarly,  the  denominator  of 
eq.  (49)  contains  the  denominator  of  eq.  (45),  weighted  by  the  factor 
Xz,    plus  additional  deadweight  loss  effects.31 
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We  can  rewrite  the  denominator  of  eq.  (49)  as 

T2[  lS|  (a8  +^d)    -   rp(E|0|  +€)]   +  [iaD  (e|0|+  e)   +  cp(PuE  -  a „  ) 

The  first  term  of  this  expression  is  the  denominator  of  eq.  (45), 
multipied  by  y2.      The  last  two  terms  of  this  expression  reflect 
further  deadweight  effects. 
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7 .   Summary  and  Conclusions 

Differential  tax  incidence  has  previously  been  analyzed  in  a 
general  equilibrium  framework  that  assumes  initial  nondistorting 
taxes.   In  this  case,  the  general  equilibrium  impacts  of  a  change 
in  the  tax  structure  can  be  described  by  substitution  effects  in 
consumption  and  production  alone.   Moreover,  in  such  a  world,  there 
is  no  deadweight  loss  associated  with  the  introduction  of  marginal 
distorting  taxes.   Thus  the  general  equilibrium  impacts  of  changes 
in  the  tax  structure  are  qualitatively  similar  to  the  partial  equi- 
librium effects  of  such  a  change. 

This  paper  has  stressed,  however,  that  the  existence  of  initial 
distorting  taxes  changes  the  general  equilibrium  response  of  the 
system  to  changes  in  the  tax  structure  in  a  qualitative  way,  by 
making  it  necessary  to  consider  explicitly  income  effects  in  con- 
sumption and  revenue  effects  in  the  government  budget  constraint. 
When  the  initial  tax  structure  is  non-neutral,  moreover,  distorting 
changes  in  the  tax  structure  will  create  a  deadweight  loss  effects. 
Thus  to  analyze  the  incidence  effects  of  changes  in  the  tax  structure 
we  not  only  need  to  know  the  substitution  effects  in  consumption  and 
production,  but  also  the  income  and  deadweight  loss  effects. 

Of  course,  whether  initial  taxes  are  distorting  or  not  is  an 
empirical  question.   But  the  present  analysis  indicates  that  the  ex- 
isting structure  of  government  taxation  can  have  a  profound  effect  upon 
the  general  equilibrium  response  of  the  system  to  a  given  change  in  the 
tax  structure  and  should  not,  therefore,  be  ignored. 
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